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1. Introduction
This paper deals with two subjects in mathematics and computer graphics, namely the study of certain linear topological
spaces and the graphical representation of neighborhoods in the considered topologies. Many important topologies arise in
the theory of sequence spaces, in particular, in FK and BK spaces and their dual spaces. Here we present some new results
on the topology of certain FK spaces and their dual spaces.
Our results have an interesting and important application in crystallography, in particular in the growth of crystals.
According to Wulff’s principle [1], the shape of a crystal is uniquely determined by its surface energy function. A surface
energy function is a real-valued function depending on a direction in space. It was shown in [2] that if the surface energy
function is given by a norm then the shape of the corresponding crystal is a neighborhood in the dual norm.
Visualization and animations are of vital importance in modern mathematics, in research as well as in education. For
those purposes, we developed our own software package [3,4] and some important extensions [5,2]. We demonstrate how
our software can be applied to the representation of neighborhoods in certain topologies, such as relative and weak topolo-
gies.
We emphasize that all our graphics in this paper were created with our software package. We solved the visibility and
contour problems for various types of surfaces analytically. This also involves several numerical methods [3,4,2]. We had to
extend our software to represent the new surfaces related to sequence spaces of our new mathematical results. The solution
of the problems in that extension would be the contents of one more research paper.
2. Relative, and weak topologies
There are many ways to deﬁne topologies on a set. A standard way to introduce a topology on a subset S of a topological
space (X, τ ) is to use the relative topology τS = {O ∩ S: O ∈ τ } (Fig. 1).
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∫ √
1− e−2u1 du1) for (u1,u2) ∈ (0,∞)× (0,2π).
If X = ∅ and Σ is a collection of sets with ⋃Σ = X , then we denote by τΣ the unique topology τΣ which has Σ as a
subbase; τΣ is the weakest topology that contains Σ , and is called the topology generated by Σ .
If a set X is given a nonempty collection Φ of topologies and Σ = {⋃τ : τ ∈ Φ}, then the topology ∨Φ generated by
Σ is called the sup-topology of Φ; it is stronger than each topology τ in Φ . If X has a countable collection {dn: n ∈ N} of
semimetrics, then the sup-topology, denoted by
∨
dn , is semimetrizable and given by the semimetric
d =
∞∑
n=1
1
2n
· dn
1+ dn ;
if the collection is ﬁnite, then d =∑dn may be used instead.
Let X be a set, (Y , τ ) be a topological space and g : X → Y be a map. Then w(X, g) =∨{g−1(O ): O ∈ τ } is a topology
for X , called the weak topology by g . The map g : (X,w(X, g)) → (Y , τ ) is continuous and w(X, g) is the weakest topology
on X for which this is true. If the topology on Y is metrizable and given by a metric d, then we may use the concept of the
weak topology by g to deﬁne a semimetric δ on X by
δ
(
x, x′
)= d(g(x), g(x′)) for all x, x′ ∈ X, (2.1)
which is a metric whenever g is one-to-one. A neighborhood Uδ(x0, r) of a point x0 in the weak topology by g is thus given
by
Uδ(x0, r) =
{
x ∈ X: δ(x, x0) < r
}= {x ∈ X: d(g(x), g(x0))< r}.
More generally, let X be a set, Ψ be a collection of topological spaces, and for each Y ∈ Ψ , we assume one or more
functions g : X → Y . Let the collection of all these functions be denoted by Φ . Then the topology ∨{w(X, g): g ∈ Φ} is
called the weak topology by Φ , and denoted by w(X,Φ). Each g ∈ Φ is continuous on (X,w(X,Φ)) and w(X,Φ) is the
weakest topology on X for which this is true. The weak topology by a sequence ( fn) of maps from a set X to a collection
of semimetric spaces is semimetrizable.
The product topology for a product of topological spaces simply is the weak topology by the family of all projections
from the product to the factors.
Example 2.1. Let B = N and An = (C, | · |) for all n ∈ N where | · | is the absolute value on the set C of complex numbers.
Then the product ω = π{An: n ∈ N} = CN is the set of all complex sequences x = (xk)∞k=1. Its product topology is given by
the metric
d(x, y) =
∞∑
k=1
1
2k
· |xk − yk|
1+ |xk − yk| for all x, y ∈ ω. (2.2)
If we deﬁne the sum and multiplication by a scalar in the natural way by
x+ y = (xk = yk)∞k=1 and λx = (λxk)∞k+1 (x, y ∈ ω; λ ∈ C),
then (ω,d) is a Fréchet space, that is, a complete linear metric space, and convergence in (ω,d) and coordinatewise conver-
gence are equivalent; this means d(x(n), x) → 0 (n → ∞) if and only if xk(n) → xk (n → ∞) for each k [6, Theorem 4.4.1].
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Here we consider certain sets of sequences with a metrizable linear topology. Their common property is that they are
continuously embedded in the Fréchet space (ω,d) of Example 2.1. We also list the most important properties of those
spaces for the reader’s convenience, and give various examples.
We start with the slightly more general deﬁnition of an FH space. Let H be a topological vector and Hausdorff space.
An FH space is a vector subspace of X whose topology is generated by a complete metric and is stronger than the topology
of H on X , that is, for which the inclusion map ι : X → H is continuous. An FK space is an FH space with H = ω and the
topology of ω given by the metric d of (2.2) in Example 2.1; a BK space is a normed BK space.
Remark 3.1. (a) Some authors include local convexity in the deﬁnition of an FH space; we do not, since this is not needed
in our part of the theory.
(b) The FH topology of an FH space is unique (up to homeomorphisms), more precisely, if X and Y are FH spaces with
X ⊂ Y , then the topology of X is stronger than that of Y , and they are equivalent if and only if X is a closed subspace of Y .
This means there is at most one way to make a subspace of H into an FH space [7, Corollary 4.2.4].
(c) Since convergence in (ω,d) and coordinatewise convergence are equivalent, as mentioned in Example 2.1, an FK space
X is a Fréchet subspace of ω with continuous coordinates Pn : X → C for all n where Pn(x) = xn (x ∈ X).
(d) The concept of an FK space is fairly general. An example of a Fréchet space which is not an FK space can be found
in [6, Problem 11.3.3 and Example 7.5.6].
(e) The importance of FK spaces in the theory of matrix transformations comes from the fact that matrix mappings
between FK spaces are continuous [7, Theorem 4.2.8].
We recall the concept of a Schauder basis. A sequence (bn) in a linear metric space X is called a Schauder basis of X if
for every x ∈ X there exists a unique sequence λn of scalars such that x =∑n λnbn .
Remark 3.2. Every Fréchet space with a Schauder basis is congruent to an FK space [6, Corollary 11.4.1].
We write e and e(n) (n ∈ N) for the sequences with ek = 1 for all k, and e(n)n = 1 and e(n)k = 0 for k = n. If x is a sequence,
then we denote by x[m] =∑mn=1 xne(n) (m ∈ N) the m-section of x. Let φ denote the set of all ﬁnite sequences, that is, of
sequences that terminate in zeros. An FK space X ⊃ φ is said to have AK if x = limm→∞ x[m] for every x ∈ X .
Example 3.3. (a) The space (ω,d) obviously is an FK space with AK; φ has no Fréchet topology [7, 4.0.2, 4.0.5].
(b) Let p = (pk)∞k=1 be a real positive bounded sequence with H = supk pk , and M = max{1, H}. We consider the sets
(p) =
{
x ∈ ω:
∞∑
k=1
|xk|pk < ∞
}
, c0(p) =
{
x ∈ ω: lim
k→∞
|xk|pk = 0
}
, ∞(p) =
{
x ∈ ω: sup
k
|xk|pk < ∞
}
and c(p) = c0(p) ⊕ e = {x ∈ ω: x − ξ · e ∈ c0(p) for some ξ ∈ C}; if p is a positive constant then the spaces reduce to the
classical sequence spaces
p = (p · e), c0 = c0(p · e), c = c(p · e) and ∞ = ∞(p · e)
of all sequences that are absolutely p-summable, convergent to zero, convergent, and bounded, respectively.
The sets (p) and c0(p) are FK spaces with AK with respect to their natural metrics
d(p)(x, y) =
( ∞∑
k=1
|xk − yk|pk
)1/M
and d0,(p)(x, y) = sup
k
|xk|pk/M
([8, Theorem 1] and [9, Theorem 2]); d0,(p) is a linear metric on ∞(p) and c(p) only in the trivial case of infk pk > 0 when
∞(p) = ∞ and c(p) = c [10, Theorem 9]. Otherwise, FK metrics for ∞(p) and c(p) were given in [11] where the concepts
of co-echelon spaces and the inductive limit topology were used.
(c) The spaces p for 1  p < ∞ are BK spaces with ‖x‖p = (∑∞k=1 |xk|p)1/p , and p-normed FK spaces for 0 < p < 1
with ‖x‖p =∑∞k=1 |xk|p in which case the corresponding topology is not locally convex; c0, c and ∞ are BK spaces with
‖x‖∞ = supk |xk| and c0 and c are closed subspaces of ∞; p (0 < p < ∞) and c0 have AK; (b(k))∞k=0 with b(0) = e and
b(k) = e(k) for k ∈ N is a Schauder basis for c, more precisely, every sequence x = (xk)∞k=1 ∈ c has a unique representation
x = ξ · e +
∞∑
k=1
(xk − ξ)e(k) where ξ = lim
k→∞
xk;
∞ has no Schauder basis, since it is not separable.
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‖x‖bs = sup
k
∣∣∣∣∣
n∑
k=1
xk
∣∣∣∣∣;
cs is a closed subspace of bs; cs has AK and bs has no Schauder basis.
4. The duals of FK spaces
The determination of the dual spaces is vital in the theory of matrix transformations between sequence spaces, and
the so-called β-duals are of greater importance than the continuous duals. The β-dual of an FK space is in some sense
contained its continuous dual, and if the space has AK then they are the same.
If X is a linear metric space, then the set of all continuous linear functionals on X is denoted by X ′ and X ′ is referred
to as the continuous dual of X ; if X is a normed space, we write X∗ for the continuous dual of X with the norm deﬁned
by ‖ f ‖ = supx∈Bx | f (x)| for all f where BX is the closed unit ball in X .
If x and y are sequences, and X and Y are subsets of ω, then we write xy = (xk yk)∞k=1, x−1 ∗ Y = {a ∈ ω: ax ∈ X} and
M(X, Y ) =
⋂
x∈X
x−1 ∗ Y = {a ∈ ω: ax ∈ Y for all x ∈ X}
for the multiplier space of X and Y ; the sets Xα = M(X, 1), Xβ = M(X, cs), and Xγ = (X,bs) are called the α-, β-, and
γ -duals of X .
Obviously we have Xα ⊂ Xβ ⊂ Xγ for any subset X of ω. Also the following result holds.
Proposition 4.1.
(a) If X ⊃ φ is an FK space with AK then Xβ = Xγ [7, Theorem 7.2.7(iii)].
(b) Let X and Y be subsets of ω and † denote any of the symbols α, β or γ . Then we have ([7, Theorem 7.2.2] and [12, Lemma 2])
(i) X ⊂ X††, (ii) X† ⊂ X†††, (iii) X ⊂ Y implies Y † ⊂ X†;
if I is an arbitrary index set and {Xι: ι ∈ I} is a family of subsets Xι of ω, then
(iv)
(⋃
ι∈I
Xι
)†
=
⋂
ι∈I
X†ι .
The following well-known result speciﬁes the close relation between the β- and continuous duals of an FK space men-
tioned at the beginning of this section.
Proposition 4.2. ([7, Theorem 7.2.9]) Let X ⊃ φ be an FK space. Then Xβ ⊂ X ′ in the sense that each sequence a ∈ Xβ can be used to
represent a function fa ∈ X ′ with fa(x) =∑∞k=1 akxk for all x ∈ X, and the map T : Xβ → X ′ with T (a) = fa is linear and one-to-one.
If X has AK, then T is an isomorphism.
The boundedness of the sequence p is not needed in part (a) of the next example.
Example 4.3. (a) We have ((p))β = ∞(p) if 0 < pk  1 for all k [10, Theorem 7]; if pk > 1 and qk = pk/(pk − 1) for all k
then
(
(p)
)β = M(p) = ⋃
N>1
{
a ∈ ω:
∞∑
k=1
∣∣∣∣akN
∣∣∣∣
qk
} (
see [13, Theorem 11]
);
for all positive sequences p ([13, Theorem 6], [12, Theorem 1] and [14, Theorem 2])
(
c0(p)
)β = M0(p) = ⋃
N>1
{
a ∈ ω:
∞∑
k=1
|ak| · N−1/pk < ∞
}
,
(
c(p)
)β = (c0(p))β ∩ cs, and
(
∞(p)
)β = M∞(p) = ⋂
{
a ∈ ω:
∞∑
|ak| · N1/pk < ∞
}
.N>1 k=1
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d(q)(a,b) =
( ∞∑
k=0
|ak − bk|qk
)1/Q
for all a,b ∈ (q),
then ((p))′ and (q) are linearly homeomorphic [13, Theorem 4].
The classical special cases of the previous example are well known.
Example 4.4. We have βp = ∞ for 0 < p  1, βp = q for 1 < p < ∞ and q = p/(p − 1), cβ0 = cβ = β∞ = 1, ωβ = φ and
φβ = ω; furthermore, ∗p for 0 < p < ∞ and cβ0 are norm isomorphic to their β-duals, and f ∈ c∗ if and only if
f (x) = χ f · lim
k→∞
xk +
∞∑
k=1
akxk where a =
(
f
(
e(k)
))∞
k=1 ∈ 1 and
χ = χ( f ) = f (e) −
∞∑
k=1
f
(
e(k)
)
and ‖ f ‖ = |χ | + ‖a‖1
[6, Examples 6.4.2, 6.4.3 and 6.4.4]. Finally ∗∞ is not given by any sequence space [6, Example 6.4.8].
5. The spaces wp0 (Λ) and w
p
∞(Λ) and their duals
Here we study the spaces wp0 (Λ) and w
p∞(Λ) that were deﬁned in [15], and determine their ﬁrst and second duals.
Throughout, let (μn)∞n=0 be a non-decreasing sequence of positive reals tending to inﬁnity. Then the sets
w˜ p0 (μ) =
{
x ∈ ω: lim
n→∞
(
1
μn
n∑
k=0
|xk|p
)
= 0
}
,
w˜ p∞(μ) =
{
x ∈ ω: sup
n
(
1
μn
n∑
k=0
|xk|p
)
< ∞
}
were deﬁned in [15].
We say that a non-decreasing sequence Λ = (λn)∞n=0 of positive reals is exponentially bounded if there is an integer m 2
such that for all non-negative integers ν there is at least one term λn in the interval I
(ν)
m = [mν,mν+1−1] [15]. The following
characterization of exponentially bounded sequences is known.
Proposition 5.1. ([15, Lemma 1]) A non-decreasing sequence Λ = (λn)∞n=0 is exponentially bounded, if and only if the following
condition holds
(I)
{
There are reals s t such that for some subsequence (λn(ν))∞ν=0
0 < s λn(ν)/λn(ν+1)  t < 1 (ν = 0,1, . . .);
such a subsequence is called an associated subsequence.
Example 5.2. A simple, but important exponentially bounded sequence is the sequence Λ with λn = n + 1 for n = 0,1, . . . ;
an associated subsequence is given by λn(ν) = 2ν , ν = 0,1, . . . .
Throughout, let 1  p < ∞ and let p be the conjugate number of p, that is, q = ∞ for p = 1 and q = p/(p − 1) for
1 < p < ∞. Also let Λ = (λn)∞n=0 be an exponentially bounded sequence, and (λn(ν))∞ν=0 an associated subsequence with
λn(0) = λ0. We write K 〈ν〉 (ν = 0,1, . . .) for the set of all integers k with n(ν) k n(ν + 1) − 1, and deﬁne the sets
wp0 (Λ) =
{
x ∈ ω: lim
ν→∞
(
1
λn(ν+1)
∑
k∈K 〈ν〉
|xk|p
)
= 0
}
,
wp∞(Λ) =
{
x ∈ ω: sup
ν
(
1
λn(ν+1)
∑
k∈K 〈ν〉
|xk|p
)
< ∞
}
.
If p = 1, we omit the index p and write w˜0(μ) = w˜1(μ), etc., for short.0
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Proposition 5.3. ([15, Theorem 1(a), (b)]) Let (μn)∞n=0 be a non-decreasing sequence of positive reals tending to inﬁnity, Λ = (λn)∞n=0
be an exponentially bounded sequence and (λn(ν))∞n=0 be an associated subsequence.
(a) Then w˜p0 (μ) and w˜
p∞(μ) are BK spaces with the sectional norm ‖ · ‖∼μ deﬁned by
‖x‖∼μ = sup
n
(
1
μn
n∑
k=0
|xk|p
)1/p
and w˜p0 (μ) has AK.
(b) Moreover, we have w˜ p0 (Λ) = wp0 (Λ), w˜ p∞(Λ) = wp∞(Λ), and ‖ · ‖∼Λ and the block norm ‖ · ‖Λ with
‖x‖Λ = sup
ν
(
1
λn(ν+1)
∑
k∈K 〈ν〉
|xk|p
)1/p
are equivalent on wp0 (Λ) and on w
p∞(Λ).
Remark 5.4. (a) It can be shown that wp∞(Λ) is not separable and so has no Schauder basis.
(b) It follows from [7, Corollary 4.2.4] and Proposition 5.3, that wp0 (Λ) and w
p∞(Λ) are BK spaces with the norm ‖ · ‖Λ
and that wp0 (Λ) has AK .
(c) In view of 5.3(b) and Example 5.2, the sets w0(Λ) and w∞(Λ) reduce to the BK spaces w0 and w∞ for λn = n + 1
ﬁrst introduced by Maddox [16].
Throughout, we write ‖ · ‖ = ‖ · ‖Λ , for short.
Now we determine the β-duals of wp0 (Λ) and w
p∞(Λ).
We introduce a few notations. Let a be a sequence and X be a normed sequence space. Then we write ‖a‖∗X =
supx∈BX |
∑∞
k=0 akxk| provided the expression on the right exists and is ﬁnite, which is the case whenever X is a BK space
and a ∈ Xβ by Proposition 4.2. If Λ is an exponentially bounded sequence with an associated subsequence then we write
maxν and
∑
ν for the maximum and sum taken over all k ∈ K 〈ν〉 . We denote by x〈ν〉 =
∑
ν xke
(k) (ν ∈ N0) the ν-block of
the sequence x. Finally we write σ(|x|p) = (σν(|x|p))∞ν=0 and τ (|x|p) = (τν(|x|p))∞ν=0 for the sequences with
σν
(|x|p)= ( 1
λn(ν+1)
)1/p∥∥x〈ν〉∥∥p and τν(|x|p)= λ1/pn(ν+1)∥∥x〈ν〉∥∥q
for ν = 0,1, . . . .
A subset X of ω is said to be normal if x ∈ X and y ∈ ω with |yk|  |xk| (k = 0,1, . . .) imply y ∈ X . Since wp0 (Λ) and
wp∞(Λ) trivially are normal, their α-, β- and γ -duals obviously coincide.
First we determine the duals (wp0 (Λ))
β , (wp∞(Λ))β and (wp0 (Λ))∗ .
Theorem 5.5. Let Λ = (λn)∞n=0 be an exponentially bounded sequence and (λn(ν))∞ν=0 be an associated subsequence. We write
Mp(Λ) =
{
a ∈ ω: ‖a‖Mp(Λ) < ∞
}
where ‖a‖Mp(Λ) =
∥∥τ (|a|p)∥∥1.
(a) Then we have
(
wp0 (Λ)
)β = (wp∞(Λ))β =Mp(Λ), (5.1)
and
‖ · ‖Mp(Λ) = ‖ · ‖∗wp∞(Λ) = ‖ · ‖
∗
wp0 (Λ)
onMp(Λ). (5.2)
(b) The continuous dual wp0 (Λ)
∗ of wp0 (Λ) is norm isomorphic toMp(Λ) with the norm ‖ · ‖Mp(Λ) .
Proof. (a) First we show
Mp(Λ) ⊂
(
wp∞(Λ)
)β
. (5.3)
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∑
ν
|akxk|
(
λn(ν+1) maxν |xk|
) ·( 1
λn(ν+1)
∑
ν
|ak|
)
= τν
(|a|) · σν(|x|)
and for p > 1 by Hölder’s inequality
∑
ν
|akxk| λ1/pn(ν+1)
(∑
ν
|ak|q
)1/q ·( 1
λn(ν+1)
)1/p(∑
ν
|xk|p
)1/p
= τν
(|a|p) · σν(|x|p) for ν = 0,1, . . . ,
hence in both cases
∞∑
k=0
|akxk|
∞∑
ν=0
τν
(|a|p) · σν(|x|p) ‖a‖Mp(Λ) · ‖x‖ < ∞. (5.4)
This shows (5.3). It follows from (5.4) and the deﬁnition of the norm ‖ · ‖∗
wp∞(Λ)
that
‖a‖∗
wp∞(Λ)
 ‖a‖Mp(Λ). (5.5)
Now we show(
wp0 (Λ)
)β ⊂Mp(Λ). (5.6)
Let a ∈ (wp0 (Λ))β be given. Since wp0 (Λ) is a BK space, the linear functional fa : wp0 (Λ) → C deﬁned by fa(x) =∑∞
k=0 akxk (x ∈ wp0 (Λ)) is continuous by Proposition 4.2. Thus we have∣∣ fa(x)∣∣ ‖ fa‖‖x‖ for all x ∈ wp0 (Λ).
Let μ ∈ N0 be given. If p = 1, we consider the sequence x(1;μ) =∑μν=0 λn(ν+1) sgn(ak(ν)) · e(k(ν)) , where k(ν) ∈ K 〈ν〉 is the
smallest integer for which |ak(ν)| = ‖a〈ν〉‖∞ . If 1 < p < ∞, we deﬁne the sequence x(p;μ) by x(p;μ)k = λ1/pn(ν+1)|ak|q−1 sgn(ak) ·
‖a〈ν〉‖−q/pq if k ∈ K 〈ν〉 and ‖a〈ν〉‖q = 0 (0 ν μ) and x(p;μ)k = 0 otherwise. It is clear that x(p;μ) ∈ wp0 (Λ) for 1 p < ∞,
and obviously ‖x(1;μ)‖ 1. Also it follows for p = 1 that
∣∣ fa(x(1;μ))∣∣=
∣∣∣∣∣
∞∑
k=0
akx
(1;μ)
k
∣∣∣∣∣=
∣∣∣∣∣
μ∑
ν=0
ak(ν)x
(1;μ)
k(ν)
∣∣∣∣∣=
μ∑
ν=0
λn(ν+1) ·
∥∥a〈ν〉∥∥∞
=
μ∑
ν=0
τν
(|a|) ‖ fa‖ · ‖x‖ ‖ fa‖ < ∞.
If p > 1 then we obtain, writing max′ and
∑′ for the maximum and sum taken over all ν with 0  ν  μ for which
‖a〈ν〉‖q = 0,∥∥x(p;μ)∥∥p = sup
ν
(
σν
(∣∣x(p;μ)∣∣p))p
= max′
(
1
λn(ν+1)
· λn(ν+1)
∑
ν
|ak|qp−p
∥∥a〈ν〉∥∥−qq
)
= max′(∥∥a〈ν〉∥∥qq · ∥∥a〈ν〉∥∥−qq ) 1,
that is, ‖x(p;μ)‖ 1, and
∣∣ fa(x(p;μ))∣∣=
∣∣∣∣∣
∞∑
k=0
akx
(p;μ)
k
∣∣∣∣∣=
∣∣∣∑′ λ1/pn(ν+1)(∑ν |ak|q
)
· ∥∥a〈ν〉∥∥−q/pq
∣∣∣
=
∑′
λ
1/p
n(ν+1)
∥∥a〈ν〉∥∥q =
μ∑
ν=0
τν
(|a|p)
 ‖ fa‖ ·
∥∥x(p;μ)∥∥ ‖ fa‖ < ∞.
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‖a‖Mp(Λ) =
∞∑
ν=0
τν
(|a|p) ‖ fa‖ = ‖a‖∗wp0 (Λ) for all 1 p < ∞, (5.7)
that is, a ∈Mp(Λ). Thus we have shown (5.6). By (5.3) and (5.6), we have (wp0 (Λ))β ⊂Mp(Λ) ⊂ (wp∞(Λ))β , and since
wp0 (Λ) ⊂ wp∞(Λ) implies (wp∞(Λ))β ⊂ (wp0 (Λ))β by Proposition 4.1(b)(iii), we conclude (wp0 (Λ))β = (wp∞(Λ))β =Mp(Λ).
Thus we have established (5.1). Finally, (5.2) follows from (5.5) and (5.7).
(b) Since wp0 (Λ) is a BK space with AK by Remark 5.4(b), part (b) follows by Proposition 4.2 from (5.1) and (5.2) in
part (a). 
Remark 5.6. The continuous dual of wp∞(Λ) is not given by a sequence space.
Now we show thatMp(Λ) is a BK space with AK .
Theorem 5.7. Let Λ = (λn)∞n=0 be an exponentially bounded sequence and (λn(ν))∞ν=0 be an associated subsequence. ThenMp(Λ) is
a BK space with AK with respect to ‖ · ‖Mp(Λ) .
Proof. SinceMp(Λ) = (wp0 (Λ))β and ‖ · ‖∗wp0 (Λ) = ‖ · ‖Mp(Λ) by (5.1) and (5.2) in part (a) of Theorem 5.5,Mp(Λ) is a BK
space with ‖ · ‖Mp(Λ) by Remark 3.1(b) and [7, Theorem 4.3.15].
To show that Mp(Λ) has AK , let a = (ak)∞k=0 ∈Mp(Λ) and ε > 0 be given. Then there is ν0 ∈ N0 such that∑∞
ν=ν0 τν(|a|p) < ε. We choose m0 = n(ν0). Let mm0 be given. Then there is a unique νm  ν0 such that m + 1 ∈ K 〈νm+1〉 ,
and we have∥∥∥∥∥a −
m∑
k=0
ake
(k)
∥∥∥∥∥Mp(Λ) 
∞∑
ν=νm+1
τν
(|a|p) ∞∑
ν=ν0
τν
(|a|p)< ε.
This shows thatMp(Λ) has AK . 
Finally, we show that wp∞(Λ) is β-perfect, that is,(
wp∞(Λ)
)ββ = ((wp∞(Λ))β)β = wp∞(Λ).
Theorem 5.8. Let Λ = (λn)∞n=0 be an exponentially bounded sequence and (λn(ν))∞ν=0 be an associated subsequence.
(a) Then we have
(
wp∞(Λ)
)ββ = (wp0 (Λ))ββ = wp∞(Λ), (5.8)
and
‖ · ‖∗Mp(Λ) = ‖ · ‖ on
(Mp(Λ))β. (5.9)
(b) The continuous dual (Mp(Λ))∗ ofMp(Λ) is norm isomorphic to wp∞(Λ).
Proof. Since X ⊂ Xββ for arbitrary subsets X of ω by Proposition 4.1(ii), and Mp(Λ) = (wp∞(Λ))β = (wp0 (Λ))β by (5.1) in
Theorem 5.5(a), we only have to show
(Mp(Λ))β ⊂ wp∞(Λ).
Let a ∈ (Mp(Λ))β be given. We may assume a = 0. Since Mp(Λ) is a BK space by Theorem 5.7, the linear functional
fa :Mp(Λ) → C deﬁned by fa(x) =∑∞k=0 akxk for all x ∈Mp(Λ) is continuous by Proposition 4.2. Thus we have∣∣ fa(x)∣∣ ‖ fa‖‖x‖Mp(Λ) for all x ∈Mp(Λ).
Let μ ∈ N0 be given and so large that ak = 0 for at least one k  n(μ + 1). If p = 1, then we consider the sequence
x(1;μ) = λ−1 ·∑ν sgn(ak) · e(k) , where νμ is the smallest non-negative integer such that σνμ(|a|) = max0νμ σν(|a|).n(νμ+1) μ
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∑
νμ
sgn(ak)|ak|p−1 ‖a〈νμ〉‖−p/qp · e(k) , where νμ is the smallest
non-negative integer such that σνμ(|a|p) = max0νμ σν(|a|p). Then it follows for p = 1 that
∥∥x(1;μ)∥∥M(Λ) =
∞∑
ν=0
τν
(∣∣x(1;μ)∣∣)= λn(νμ+1) · 1λn(νμ+1) maxνμ
∣∣sgn(ak)∣∣ 1,
that is, x(1;μ) ∈M(Λ) and ‖x(1;μ)‖M(Λ)  1; also
∣∣ fa(x(1;μ))∣∣=
∣∣∣∣∣
∞∑
k=0
akx
(1;μ)
k
∣∣∣∣∣= 1λn(νμ+1) ·
∑
νμ
|ak| = σνμ
(|a|)= max
0νμ
σν
(|a|)
 ‖ fa‖ ·
∥∥x(1;μ)∥∥M(Λ)  ‖ fa‖.
Since μ was arbitrary, it follows that a ∈ w∞(Λ) and
‖a‖ ‖a‖∗M(Λ).
It follows for p > 1 that
∥∥x(p;μ)∥∥Mp(Λ) =
∞∑
ν=0
τν
(∣∣x(p;μ)∣∣p)= ∞∑
ν=0
λ
1/p
n(ν+1)
∥∥(x(p;μ))〈ν〉∥∥q
= λ1/pn(νμ+1) ·
(
1
λn(νμ+1)
)1/p
·
(∑
νμ
|ak|pq−q
)1/q∥∥a〈νμ〉∥∥−p/qp  1,
that is, x(p;μ) ∈Mp(Λ) and ‖x(p;μ)‖Mp(Λ)  1; also
∣∣ fa(x(p;μ))∣∣=
∣∣∣∣∣
∞∑
k=0
akx
(p;μ)
k
∣∣∣∣∣=
(
1
λn(νμ+1)
)1/p
·
(∑
νμ
|ak|p
)
· ∥∥a〈νμ〉∥∥−p/qp
=
(
1
λn(νμ+1)
)1/p
· ∥∥a〈νμ〉∥∥p = σνμ(|a|p)= max0νμσν
(|a|p)
 ‖ fa‖ ·
∥∥x(p;μ)∥∥Mp(Λ)  ‖ fa‖ < ∞.
Since μ was arbitrary, it follows that a ∈ wp∞(Λ) and
‖a‖ ‖a‖∗Mp(Λ). (5.10)
Therefore, we have, for all p with 1 p < ∞, a ∈ wp∞(Λ) and (5.10). Finally, if we interchange the roles of a and x in (5.4),
then we also have ‖a‖∗Mp(Λ)  ‖a‖, and this and (5.10) together yield (5.9).
(b) Since Mp(Λ) is a BK space with AK by Theorem 5.7, part (b) follows by Proposition 4.2 from (5.8) and (5.9) in
part (a), and (5.1) in Theorem 5.5. 
Remark 5.9. It follows from Theorems 5.5 and 5.8 that wp0 (Λ) is not reﬂexive.
6. Graphical representations of neighborhoods
In this section, we consider some graphical representations of certain neighborhoods in two- and three-dimensional
space.
We consider Rn for given n ∈ N as a subset of ω by identifying every point X = (x1, x2, . . . , xn) ∈ Rn with the real
sequence x = (xk)∞k=1 ∈ ω where xk = 0 for all k > n, and introduce on Rn some of the metrics of the previous sections.
We denote by Bd(r, X0) = {X ∈ Rn: d(X, X0) < r} the open ball in (Rn,d) of radius r > 0 with its center in X0, and con-
sider the cases n = 2 and n = 3 for the graphical representation of neighborhoods by the boundaries ∂Bd(X0) of Bd(r, X0).
6.1. Neighborhoods in two-dimensional space
The boundaries ∂Bd(r, X0) of Bd(r, X0) in R2 are given by the zeros of a real-valued function of two variables. Although
our software provides an algorithm for this [5,2,4], it is more convenient and less time consuming if we can ﬁnd a para-
metric representation for ∂Bd(r, X0). For instance, this can be achieved for the metrics d and d(p) of Examples 2.1 and
3.3(b).
1378 E. Malkowsky, V. Velicˇkovic´ / Topology and its Applications 158 (2011) 1369–1380Fig. 2. Weak neighborhoods ∂Bδ(p) (r, X0) in the unit circle by the function g of (6.1) for p = (7/4,3/4) and corresponding neighborhoods ∂Bd(p) (r, X0)
in R2.
Now we represent neighborhoods in some weak topologies. Again, it is useful to obtain, if possible, parametric repre-
sentations for the boundaries of the neighborhood. Let d be a metric for R2, Y0 ∈ R2 and ∂Bd(r, Y0) ⊂ R2 be given by a
parametric representation y(t) = {φ1(t),φ2(t)} (t ∈ I) where I ⊂ R is an interval. Thus
Y ∈ ∂Bd(r, Y0) if and only if d
((
φ1(t),φ2(t)
)
, Y0
)= r for some t ∈ I.
We assume that S ⊂ R2 is a domain, and g : S → R2 is bijective with inverse h : R2 → S . Then the boundary ∂Bδ(r, X0)
of the weak neighborhood Bδ(r, X0) of X0 ∈ S in the metric δ of (2.1) of the weak topology w(S, g) has a parametric
representation
x(t) = h(Φ(t) + g(X0)) (t ∈ T ) where Φ = (φ1, φ2),
since X ∈ ∂Bδ(r, X0) if and only if
δ(X, X0) = d
(
g
(
h
(
Φ(t) + g(X0)
))
, g(X0)
)= d(Φ(t) + g(X0), g(X0))= r.
Example 6.1 (Weak neighborhoods in the open unit disk D1). We use the function g : D1 → R2 with
g(x, y) =
(
x
1− √x2 + y2 ,
y
1− √x2 + y2
)
(6.1)
to introduce the weak topology w(D1, g) on D1. The inverse h : R2 → D1 of g is given by
h(x, y) =
(
x
1+ √x2 + y2 ,
y
1+ √x2 + y2
)
.
We consider the metric d(p) of Example 3.3(b) on R2, and write Φ = (φ1, φ2) where φ1 and φ2 are the functions with
φ1(t) = rM/p1 |cos t|2/p1 sgn(cos t) and φ2(t) = rM/p2 |sin t|2/p2 sgn(sin t),
and Ψ = Φ + g(X0) = (ψ1,ψ2) for X0 ∈ D1. Then the boundary ∂Bδ(p) (r, X0) = ∂Bd(p)◦g(r, X0) is given by a parametric
representation x(t) = {h1(t),h2(t)} (t ∈ (0,2π)) with
hk(t) = hk
(
Ψ (t)
)= ψk(t)
1+√(ψ1(t))2 + (ψ2(t))2 (k = 1,2) (Fig. 2).
6.2. The representation of neighborhoods in three-dimensional space
Here we consider the case when the boundaries ∂Bd(r, X0) of neighborhoods in R3 are given by a parametric representa-
tion. Then the principles of Section 6.1 can easily be extended and applied to the graphical representation of neighborhoods
in R3.
We consider the metric d(p) of Example 3.3(b). Then ∂Bd(p) (r, X0) is given by a parametric representation
x((u1,u2)) =
{
φ1((u1,u2)),φ2((u1,u2))φ3((u1,u2))
}+ x0
for ((u1,u2) ∈ D = (−π/2,π/2) × (0,2π)) with (Fig. 3)
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Fig. 4. Neighborhoods in the relative topology on Enneper’s surface of the metric d(p) .
Fig. 5. Neighborhoods on a sphere in the weak topology by the stereographic projection.
φ1((u1,u2)) = rM/p1 sgn(cosu2)
(
cosu1|cosu2|
)2/p1
, (6.2)
φ2((u1,u2)) = rM/p2 sgn(sinu2)
(
cosu1|sinu2|
)2/p2
, (6.3)
φ3((u1,u2)) = φ3(u1) = rM/p3 sgn(sinu1)|sinu1|2/p3 , (6.4)
which is not differentiable for u1 = 0 and u2 = π/2,π,3π/2; this is important to note in view of the contour where the
derivatives are needed. Thus we have to split the boundaries into eight parts in the respective octants.
Now we give the graphical representations of neighborhoods in a relative topology (Fig. 4), and a weak topology (Fig. 5).
Finally we represent neighborhoods in a wp∞(Λ)-norm and its dual norm, and as an application in crystallography, the
surface energy function given by a wp∞(Λ)-norm and the corresponding Wulff crystal (Figs. 6 and 7).
1380 E. Malkowsky, V. Velicˇkovic´ / Topology and its Applications 158 (2011) 1369–1380Fig. 6. Left: neighborhood in the w∞(Λ)-norm for p = 1.2, λ1 = 1, λ2 = 6, λ3 = 9; Right: neighborhood in the dual norm of the w∞(Λ)-norm for p = 5,
λ1 = 1, λ2 = 6, λ3 = 9.
Fig. 7. Surface energy function given by wp∞(Λ) for p = 1.1, λ1 = 1, λ2 = 6, λ3 = 9 and the corresponding Wulff crystal.
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